SPANNING TREE CONGESTION, STRETCH AND OTHER PARAMETERS OF THE GRAPH

In this article we introduce a new characteristic of connected simple finite graphs
which we term support number. We present relations with the previously defined
notions of congestion and stretch. We also give an approximation algorithm for
support number, and thus a polynomially computable lower bound for stretch.

Congestion and Stretch

The following definitions leading to the notion of spanning tree congestion were
developed in [Ost04]. Let G be a connected simple finite graph. Let T be a
spanning tree in G. For an edge e of T' let A, and B, be the vertex sets of the
components of 7' — e.
1. The number e (Ae, Be) of edges in G that connect a vertex in A, to a vertex
in Be is called the congestion of G inT" at edge e.

2. The edge congestion of G inT'is

ec(G:T) = eénjg()%) ec:(Ae, Be).

3. The spanning tree congestion of GG is

s(G) = mjijn ec(G :T).

A more classical concept is that of stretch (see [PU89]).

1. Let H be a connected spanning subgraph of G. The stretch of H in G is
defined by

d
Stretcho(H) = max ACED
upeV(G) dg(u,v)

2. The stretch of G is defined by minimizing with respect to its spanning trees

Stretch(G) = mTin Stretchy(T)

We defined two min-max characteristics of GG via the family of its spanning trees

G) = mi A, B
s(G) m;ﬂ@gl&g)ea( ¢, Be)

and

d
Stretch(G) = min  max r(u,v)
T uweV(G)dg(u,v)

Congestion-Stretch duality in plane graphs

The dual graph G™ of a plane graph G is the multigraph whose vertices correspond
to the faces of &, including the exterior face. Two vertices of G* are joined by an
edge if and only if their corresponding faces in G have a common edge in their
boundaries.

1. If T"is a spanning tree of a plane graph ¢, then the dual spanning tree T%is
defined as the spanning subgraph of G* such that ¢* € E(Tﬂ) if and only if

e ¢ E(T).
LEMMA: Let GG be a connected planar graph with dual graph G*. Then

ec(G) = Stretch(G™) + 1
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Equivalence of congestion-stretch characteristics for plane graphs yields dual approaches
for finding their exact values for particular plane grids.

Rectangular Grid

Let P, be the path with m nodes, and consider the grid G = P, X P, (2 < m < n).

The exact value for congestion was computed in [Hru08] and [Ost10], while working on the
stretch side it was verified in [LL17].

THEOREM (see [LL17]): For the rectangular grids P, x P, with 2 < m < n, we have

Stretch(Py, x P,) =2 {%J + 1.

Triangular Grid
Let T}, be the graph obtained by dividing each side of a triangle into (n — 1) pieces and joining
the corresponding subdivision points of the different sides of triangle. In these graphs all

intersection points of line segments are regarded as vertices and there are no other vertices.

THEOREM (see [LL17]): For triangular grids 7}, it holds that

2
Stretch(Ty,) = [?’n—‘ + 1.

k-supported Cycles

In this work we introduce two new characteristics of finite, connected, simple graphs. These
notions are closer related to that of stretch than to congestion. The first is that of support
number.

1. If a cycle C' in GG can be partitioned into three intervals 11, I5, and I3, in such a way that
for every triple (uj, uo, us3) of vertices satisfying u; € I;, 1 = 1,2, 3, we have

max dqo(u;,u;) >k,
i,je{1,2,3) Gt )

we say that C' is a k-supported cycle.

THEOREM: If a graph GG contains a k-supported cycle, then

Stretch(G) > k
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The key step in the proof of the THEOREM is the following

PROPOSITION (see [RR98)): Let f : S — T be a continuous map, and let {I;, I5, I3} be an
arbitrary partition of S! into three intervals with mutually disjoint interiors. Then there exists
¢ € T such that f~!(c) has a representative in each of these intervals.

COROLLARY: If a graph G contains an isometrically embedded C' of length n, then

Stretch(G) > EnJ

We remark that finding whether isometrically embedded cycles of a given length exist can be
done in polynomial time (see [Lok09]).
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Cycle Width

The second characteristic introduced in this work is that of cycle width. For a
fixed vertex r of G consider a breadth-first search tree rooted at . For z € V(G)
denote the level of x by ¢(x) = d(r,x). For each n € N consider the subset
R(n) of edges in GG consisting of edges xy for which

max{{(x),{(y)} > n.

1. The cycle width of Gis W (G) = max W(r) where
reV(G)

S d
W(r) = max o G(2,y),

and x and y are in the same component of (V(G), R(n)).

THEOREM:
A. Each graph G contains a polynomially computable W (G') /3-supported cycle.

B. Each graph G containing a k-supported cycle satisfies W (G) > k — 3.

It is known that the problem of finding the minimum stretch spanning trees in a
graph is NP-hard (see [CC95], [FKO01]). We conjecture that finding the support
number and k-supported cycles with largest £ is also NP-hard. Since the cycle
width we introduced is computable in polynomial time, Theorems A. and B. provide
useful estimates.

Acknowledgements

Faculty mentors: Florin Catrina, Mikhail Ostrovskii, Lakshmi Iswara Chandra
Vidyasagar.
Supported by Mikhail Ostrovskii’'s National Science Foundation Grant Number

4 v
T
- 's

DMS-1700176 \&

References

References

[CC95] L. Cai, D. G. Corneil, Tree spanners. SIAM J. Discrete Math. 8 (1995), no. 3, 359-387.

[FKO1] S. P. Fekete, J. Kremer, Tree spanners in planar graphs, Discrete Applied Mathematics, 108 (2001)
85—-103.

[Hru08] S. W. Hruska, On tree congestion of graphs, Discrete Math. 308 (2008), 1801—-1809.

[LL17] L. Lin, Y. Lin, The minimum stretch spanning tree problem for typical graphs, arXiv:1712.03497/

[Lok09] D. Lokshtanov, Finding the longest isometric cycle in a graph. Discrete Appl. Math. 157 (2009), no. 12,
2670-2674.

[Ost04] M. I. Ostrovskii, Minimal congestion trees, Discrete Math., 285 (2004), 219-226.

[Ost10] M. |. Ostrovskii, Minimal congestion spanning trees in planar graphs, Discrete Math. 310 (2010),
1204—-1209

[PU89] D. Peleg, J. D. Ullman, An optimal synchronizer for the hypercube. SIAM J. Comput. 18 (1989), no. 4,
740-747.

[RR98] Y. Rabinovich, R. Raz, Lower bounds on the distortion of embedding finite metric spaces in graphs,

Discrete Comput. Geom., 19 (1998), no. 1, 79-94.


https://arxiv.org/abs/1712.03497

